ABSTRACT. It is well known that the structure of nontrival invariant subspaces for the shift operator on the Bergman space is extremely complicated and very little is known about their specific structures. In this paper, we give a explicit description of the specific structure of the great majority of invariant subspaces for the shift operator on the Bergman space. More specifically, we show that every invariant subspace M( {0}) for the shift operator M z on the Bergman space
INTRODUCTION
In the Hardy space H 2 (D), A. Beurling [4] found that every invariant subspace for the shift operator has an very elegant description. Also, his theory extends with litter change to the Hardy space H p (D) (1 ≤ p < ∞). In order to state Beurling's theorem for the Hardy space, we first recall the notion of the inner function.
If φ(z) is a functional in H ∞ (D) such that | φ(e iθ )| = 1 a.e. on ∂D, where φ(e iθ ) = lim r→1 − φ(re iθ ) a.e. on ∂D, then φ is called an inner function.
Theorem A (Beurling's theorem). Every invariant subspace M( {0}) for the shift operator M z on the Hardy space H p (D) (1 ≤ p < ∞) has the form
for some inner function φ, and φ is unique up to a constant factor of modulus 1 (for more details, see [4] , [6] , [7] p.246, [12] and [16] ).
It is well known that in the first half of twentieth century, the research interest of complex analysis dipped to a low point. It was Beurling's work [4] that revived the research interest of complex analysis, and opened a new research direction of the invariant subspace problem.
It is worth noticing that Beurling's theorem explicitly describe the specific structure of every nontrivial invariant subspace for the shift operator M z on the Hardy space H p (D) (1 ≤ p < ∞), but in contrast it is still not known how to formulate the specific structure of nontrivial invariant subspaces for the shift operator on the
In the topic of the invariant subspace for the shift operator on the Bergman space, the most famous result is due to A. Aleman, S. Richter and C. Sundberg [1] so far. However, the proof in [1] used special tools of function theory in Bergman spaces. Later S. M. Shimorin [13] and [14] found simpler proofs and extended the result of
, in which the extension of −1 < α < 0 is due to [13] , while the extension of 0 < α ≤ 1 is due to [14] . Indeed, S. M. Shimorin [13] and [14] obtained more general theorems for Hilbert spaces. Now, we state these results.
Theorem B (the Aleman-Richter-Sundberg theorem). Every invariant subspace M for the shift operator M z on the Bergman space
where [M ⊖ zM] denotes the smallest invariant subspace for M z that contains M ⊖ zM (for more details, see [1] , [7] , [9] , [13] and [14] ).
Of course, this is an interesting result and can be regarded as a version of Beurling's theorem for the Bergman space.
But it is difficult to see the specific structure of the nontrivial invariant subspace M for the shift operator M z on the Bergman space from Theorem B (compare with Beurling's theorem for the Hardy space).
Moreover, it can be seen from the existence result in [2] and explicit examples in [8] and [10] that the dimension of the linear subspace M ⊖ zM of A 2 α (D) in Theorem B may be any positive integer, even the infinity (see also [7] and [9] ).
Furthermore , it is not even known how or whether the result in Theorem B might extend to A p α (D) for other values of p and α (cf. [7] p.3, [9] p.187, [13] and [14] ). Indeed, for nontrivial invariant subspaces of the shift operator on the Bergman space, very little is known about their specific structures (cf. [17] p.95). In other words, the specific structure of nontrivial invariant subspaces for the shift operator on the Bergman space has not been characterized (cf. [7] p.3).
For a long time, it has been known that the structure of nontrival invariant subspaces for the shift operator on the Bergman space is extremely complicated, and that a complete description of the structure seems unlikely (cf. [1] p.277 and [7] p.3, see also [2] , [8] and [10] ). In any case, the most intriguing topic in the theory of Bergman spaces is the structure problem of invariant subspaces for the shift operator (cf. [17] p.95).
In this paper, we find that the specific structure of the great majority of invariant subspaces for the shift operator M z on the Bergman space A p α (D) (1 ≤ p < ∞, −1 < α < ∞) can be explicitly described.
On the other hand, it is well known that there is often a large gap between the research advance of invariant subspaces and hyperinvariant subspaces. For example, in 1954, N. Aronszajn and K. T. Smith [3] have proved that every compact operator on a Banach space has a nontrivial invariant subspace. But it was until 1973 that V. Lomonosov [11] showed that every compact operator on a Banach space has a nontrivial hyperinvariant subspace. The famous Lomonosov's technique in the invariant subspace theory was developed on the basis of [11] , which is one of two main techniques in the research of the invariant subspace problem.
Also for example, in 1987, S. Brown [5] has proved that every hyponormal operator with thick spectrum has a nontrivial invariant subspace. But so far it is still not known whether every every hyponormal operator with thick spectrum (even every subnormal operator) has or has no nontrivial hyperinvariant subspaces.
In this paper, we find that every invariant subspace for the shift operator M z on the Hardy space H p (D) (1 ≤ p < ∞) is its hyperinvariant subspace.
PRELIMINARIES
In this section, we recall some basic notions and facts from [1] , [4] , [6] , [7] , [9] , [12] , [16] , [17] and so on, which are used in the main results.
Let D and ∂D denote the open unit disk and the unit circle on the complex plane respectively.
The Hardy space
It is well known that H p (D) (1 ≤ p < ∞) is a Banach space. In particular, H 2 (D) is a Hilbert space with the inner product
The Hardy space H ∞ (D) is defined by
is the bounded analytion function in D with the norm
with the norm
where
, while dA denotes the planar Lebesgue measure (the area measure) on D with dA(D) = π.
It is well known that the (weighted) Bergman space
is a Hilbert space with the inner product
Now, we gather together some notions of the shift operator and the invariant subspace for shift operators on Hardy spaces and Bergman spaces. (1). If the operator M z on X is defined by
then M z is called the shift operator on X.
(2). If (M z M =) zM ⊂ M, then M is called an invariant subspace for the shift operator M z on X, or is briefly called an invariant subspace in X.
(3). If M z is the shift operator on X and T M ⊂ M for every bounded linear operator T on X with T M z = M z T , then M is called a hyperinvariant subspace for the shift operator M z on X, or is briefly called a hyperinvariant subspace in X.
MAIN RESULTS
It is well known that as linear spaces,
) (for more details, see [7] , [9] , [17] (D) . First of all, by Beurling's theorem for the Hardy space, the specific structure of every invariant subspace for the shift operator M z on H p (D) (1 ≤ p < ∞) is very clear. On the other hand, as mentioned in the introduction, so far it is still not known how to formulate the specific structure of nontrivial invariant subspaces for the shift operator M z on A p α (D). Now we give a explicit description of the specific structure of the great majority of invariant subspaces for the shift operator M z on A p α (D) (1 ≤ p < ∞, −1 < α < ∞). Theorem 1. Every invariant subspace M( {0}) for the shift operator M z on the Bergman space A Moreover, it is well known that a hyperinvariant subspace for an operator is a invariant subspace for the operator, and the inverse is not true. However, we find a very beautiful and interesting example, in which every invariant subspace for the operator is its hyperinvariant subspace. Since this result is a basic theory of invariant subspaces and Hardy spaces, and there is no the assertion related to this result in the existing literatures, we now state this result and give its proof. 
